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Abstract
We study the problem of covariant separation between first and second class constraints for
the D = 10 Brink-Schwarz superparticle. Opposite to the supersymmetric light-cone frame
separation, we show here that there is a Lorentz covariant way to identify the second class
constraints such that, however, supersymmetry is broken. Consequences for the D = 10
superstring are briefly discussed.
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1. - Introduction
There are basically two different formalisms for treating sypersymmetric critical (D =
10) strings, namely, the Neveau-Schwarz-Ramond (NSR) formulation and the Green-
Schwarz (GS) approach (see [1] for a review). The GS superstring has the advantage
of being explicitely spacetime supersymmetric as opposite to the NSR string, also called
spinning string, where spacetime supersymmetry is only achieved after the GSO projection.
For the calculation of scattering amplitudes the manifest supersymmetry of the GS
approach represents, in principle, a great technical advantage since some divergences which
appear in the NSR formulation before the GSO projection do not show up in the GS
approach. In practice, however, due to the lack of a Lorentz covariant quantization of
the GS superstring its advantages are withdrawned by the difficulties which appear in the
light-cone [2] (or semi-light-cone [3]) gauges where this theory is usually quantized.
One of the difficulties of the noncovariant GS approach is that Lorentz covariance
of the amplitudes can only be proven indirectly by relating the GS-superstring in the
light-cone gauge with the light-cone NSR string which is on its turn equivalent [4] to
the covariant NSR string. It is thus desirable to have an explicitly Lorentz covariant
quantization of the GS-superstring which, however, has become a formidable task. In order
to solve this problem we need a better undestanding of a local fermionic symmetry of the
GS-superstring which was discovered by Siegel [5] and is called κ-invariance. Fortunately,
this symmetry also appears in the infinite tension limit of the GS superstring, namely, the
ten-dimensional massless superparticle [6].
In fact, all the problems which prevent a covariant quantization of the GS superstring
are also present in the simpler case of the superparticle. From the lagrangean point of view
we have the following problems; on one hand the algebra of gauge transformations only
closes on shell and the gauge generators are not linearly independent. On the other hand,
there is , apparently, no consistent Lorentz covariant gauge condition to fix the κ-invariance.
The first two problems do not permit the use of the Faddeev-Popov procedure to fix the
gauge, but they can be circunvented [7] by applying the Batalin-Vilkowisky [8] formalism
according to which it is nescessary to introduce an infinite set of ghosts of alternating
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statistics [7]. The problem of choosing a consistent Lorentz covariant gauge condition is
more dramatic and it has not been solved yet. In the hamiltonian formalism the problems
appear when we try to identify the second class constraints among the full set of constraints
(see, e.g., ref.[9]). There seems to be no Lorentz covariant way of identifying the second
class constraints. Besides, the first class constraints can only be covariantly written in a
redundant (linearly dependent) way. In constructing the BRST charge this redundancy
leads to difficulties, but for a Dirac quantization it does not represent a problem.
The apparently non-existence of both a Lorentz covariant gauge choice and a Lorentz
covariant identification of the second class constraints has led many authors to suggest
new formulations for the D = 10 massless superparticle and the D = 10 superstring, see
e.g. [9,10-18] and [19,20] respectively. In [9,10-13] the basic idea was to extend the original
superspace by introducing pure gauge variables while, the most promising approach seems
to be the one initiated in [15] and further pursued in [18-20] where one tries to convert
part of the κ-invariance in worldline (worldsheet) supersymmetry by the use of twistors
and supertwistors variables, thus making a direct connection between the NSR and the
GS formulations.
In this paper we come back to the original superparticle [6] and analyse it from the
hamiltonian point of view. Since we are only interested in a Lorentz covariant Dirac
quantiation we just have to face the constraints separation problem. Without fixing any
gauge we show that besides the light-cone frame constraints separation [9,21] there is a
Lorentz covariant separation which works as follows, first of all we show that a light-
like vector nµ satisfying some conditions is all we need (see also [9]) for a consistent
Lorentz covariant identification of the second class constraints. Opposite to [9] we do not
introduce the vector nµ by hand but construct it (see formula (3.1)) out of the canonical
pair (xµ, pµ). Although the second class constraints are identified in a redundant way we
are able to eliminate them by a kind of Dirac bracket. By using such bracket we check that
the Lorentz algebra closes classicaly although supersymmetry and translation invariance
are lost. We finally show that for the D = 10 superstring the situation is different and
it is possible, in principle, to separate the constraints keeping both supersymmetry and
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Lorentz invariance.
2. - Global symmetries and constraints structure.
The action for the massless superparticle [6] in ten dimensions can be written in the
first order formalism as:
S =
∫
dτ(p · x˙− iθ6 p˜θ˙ −
ep2
2
) , (2.1)
where 6 p˜αβ = pµ(σ˜
µ)αβ (α, β = 1, 2, · · · , 16 ; µ = 0, 1, · · · , 9) and θ
α is a right handed
Majorana-Weyl spinor in ten dimensions, which has 16 real components. The real and
symmetric matrices (σ˜µ)αβ and (σ
µ)αβ satisfy
(σµσ˜ν + σν σ˜µ)
α
β = (σ˜
µσν + σ˜νσµ)
α
β = 2 η
µνδαβ , (2.2a)
Tr(σ˜µσν) = Tr(σµσ˜ν) = 16 ηµν , (2.2b)
(σµ)(αβ(σµ)
γδ) = 0 = (σ˜µ)(αβ(σ˜µ)γδ) , (2.2c)
where ηµν = (−,+, · · · ,+) stands for the spacetime metric.
The global invariances of the action (2.1) consist of superpoincare´ transformations
and dilatations which we call superweyl transformations. Infinitesimally we have,
δxµ = −2ωµνxν + a
µ − i ǫ σ˜µθ + λxµ ,
δpµ = −2ωµνpν − λp
µ ,
δθα =
1
4
ωµν(σ˜µνθ)
α + ǫα +
λ
2
θα ,
δe = 2λe ,
(2.3)
where σ˜µν = σµσ˜ν − σν σ˜µ (σµν = σ˜µσν − σ˜νσµ).
Using the basic Poisson brackets♯1 {xµ, pν} = δ
µ
ν ; {e,Πe} = 1 and {θ
α,Πβ} = δ
α
β ,
where Πβ =
∂rL
∂θ˙β
, we can check that the superweyl transformations (2.3) can be generated
by the following quantities:
Jµν = xνpµ − xµpν +
1
4
Πσ˜µνθ , (2.4a)
♯1 We use the same symbol for Poisson brackets and Poisson anti-brackets which are henceforth called
generically Poisson brackets.
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Qα = Πα − i(6 p˜θ)α , (2.4b)
Pµ = pµ , (2.4c)
D = x · p+
Πθ
2
+ 2 eΠe , (2.4d)
which satisfy the superweyl algebra below:
{Jµν , Jαβ} = δµβJνα − δµαJνβ + δναJµβ − δνβJµα , (2.5a)
{Jµν , Pα} = δναPµ − δµαPν , (2.5b)
{Qα, Qβ} = −2 i (6 p˜)αβ ; {Jµ, Qα} = −
(σµνQ)α
4
, (2.5c)
{Pµ, D} = −Pµ ; {Qα, D} = −
1
2
Qα , (2.5d)
with the remaining brackets vanishing.
The superparticle (2.1) contains two bosonic first class constraints :
ϕ1 : p
2 ≈ 0 , (2.6)
ϕ2 : Πe ≈ 0 , (2.7)
and the following 16 fermionic constraints .
dα = Πα + i(6 p˜θ)α = 0 . (2.8)
The only nonvanishing brackets among the constraints are the following ones
{dα, dβ} = 2i(6 p˜)αβ . (2.9)
Due to (2.6) and the relation (2.2a) we get
{dα, (p/d)
β} ≈ 0 . (2.10)
Since {p2, (p/d)β} = 0 = {Πe, (p/d)
β} we conclude that the combination p/d, which is weakly
equivalent to p/Π, corresponds to first class constraints . Indeed, the constraints p/Π generate
the local κ-invariance [5] of (2.1), which reads
δκθ = p/κ(τ) ,
δκx
µ = −iθ6 p˜σµκ(τ) ,
δκe = −2 i θκ˙(τ) ,
(2.11)
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with κα a left-handed Majorana-Weyl spinor.
In order to understand the meaning of the remaining fermionic constraints we suppose
the existence of a vector nµ satisfying
p · n 6= 0 , (2.12)
such that by use of (2.2a) we can write:
d = P+ d+ P− d , (2.13)
where P+ = (2n ·p)
−16 n˜p/ and P− = (2n ·p)
−16 p˜n/ . By further assuming that nµ is strongly
light-like (n2 = 0) we show, using also (2.2b), that
(P±)
2 = P± ; P+P− = 0 ,
T r (P+) = Tr (P−) = 8
. (2.14)
Therefore P± are projection operators (strongly) and the 16 constraints dα = 0 are
equivalent to the 8 first class constraints p/d = 0 and the 8 remaining constraints n/d = 0 .
If the light-like vector nµ satisfies
{nµ, nν} = 0 , (2.15)
{nµ, dα} = 0 , (2.16)
then, we can proove that n/d represent 8 second class constraints obeying:
{(n/d)α, (n/d)β} = 4 i (n · p)(n/)αβ . (2.17)
So we come to the correct counting of independent constraints of the D = 10 massless
superparticle , 8 first class + 8 second class, which was deduced long ago [22] in the light-
cone frame where anyone of the light-cone directions nµ± = (∓1, 0, · · · , 0, 1) satisfies (2.15),
(2.16) and pµ can be assumed to obey (2.12). In the next section we show that there is
another couple of light-like vectors nµ± which leads to a Lorentz covariant separation still
with the correct counting of constraints .
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3. - Lorentz covariant constraints separation
We can always take appropriate nonlinear combinations of two spacetime vectors to
construct a couple of light-like vectors, for instance, taking xµ and pµ we have
nµ± = x
2pµ − [x · p± ((x · p)2 − x2p2)
1
2 ]xµ , (3, 1)
which identically satisfy n2± = 0 . In order that n
µ
± be real we have to impose the
following scale invariant restriction on the phase space:
f ≡ (x · p)2 − x2p2 > 0 . (3.2)
The above restriction can only be violated by some noncausal configurations inside the
region where both pµ and xµ are space-like, i.e., x2 > 0 and p2 > 0 . Notice also that
(3.2) will be automatically satisfied on the physical states (p2|phys >= 0).
Actually, the restriction (3.2) is too strong, since we would have real nµ± also for
f = 0 , but if we intend to use nµ+ or n
µ
− to identify the second class constraints we must
have from (2.12) that p · n± = −f
1
2 (f
1
2 ± x · p) 6= 0 which means that f = 0 must be
discarded and we have to suppose either x · p > 0 or x · p < 0 if we choose nµ+ or n
µ
−
respectively. Henceforth we choose nµ+ and assume the scale invariant restriction
x · p > 0 , (3.3)
which plays the role of the p+ > 0 condition of the light-cone frame.
The restrictions (3.2) and (3.3) guarantee that the decomposition (2.13) holds and
the 8 constraints♯2 n/d are real such that we have the correct counting of constraints. It is
easy to check, quite surprisingly, that nµ satisfies (2.15). The condition (2.16), however is
not obeyed and instead of (2.17) we get
{(n/d)α, (n/d)β} = 4i(n/)αβ
(
n · p−
Πθ
2
)
+
+ terms proportional to n/d ,
(3.4)
♯2 From now on we drop the subscript ‘+’ of nµ
+
.
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where we have used the identity
(dn/σ˜µθ)σαβµ − (σµd)
(α(σµ6 n˜θ)β) = 2 dθ(n/)αβ , (3.5)
which is a direct consequence of (2.2c). Taking into account that n/d has weakly vanishing
Poisson brackets with the first class constraints ϕ1 , ϕ2 , p/d and assuming a third scale
invariant restriction on the phase space :
n · p−
Πθ
2
6= 0 , (3.6)
which is also automatically satisfied on the physical states (assuming the restrictions (3.2)
and (3.3)) where Πθ = dθ = 0 we conclude that n/d really represent 8 independent second
class constraints which gives the correct counting of constraints once again.
Now we should notice that we cannot define the usual Dirac brackets to eliminate n/d
since the right-handed side of (3.4) has no inverse due to the redundancy of the 16 linearly
dependent constraints n/d . In such cases there is, a priori , no unique definition of the
bracket (see [23]) used to eliminate the second class constraints, but by requiring that no
further restrictions on the phase space than (3.2),(3.3) and (3.6) should be imposed we
have just one possible definition, namely,
{A,B}∗ = {A,B} − {A, (n/d)α}
(6 p˜)αβ
g
{(n/d)β, B} , (3.7)
where g = 4 i (n ·p) (2n ·p−Πθ) . The Lorentz covariant definition (3.1) of nµ assures the
classical closure of the Lorentz algebra for the constraints separation above. This closure
can be confirmed by an explicit computation of the algebra of the superweyl generators Ga
(given in 2.4) in terms of the bracket (3.7). By using the new brackets of the superspace
variables given in the appendix the reader can check that {Ga, Gb}
∗ = {Ga, Gb} for most
of the brackets (2.5) except for the following ones
{Pµ, P ν}∗ =
(x · p+ f
1
2 )2
g
dσµ6 p˜σνd , (3.8)
{Qα, Qβ}
∗ = {Qα, Qβ} − (σ˜νθ)α(σµθ)β{P
ν , Pµ}∗ (3.9)
{Qα, Pµ}
∗ = −(σ˜νθ)α{Pν , Pµ}
∗ (3.10)
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Therefore, as in the ligh-cone frame separation, the superweyl algebra will close only
on the physical states ({Ga, Gb}
∗|phys >= {Ga, Gb}|phys >) where d|phys >= 0 , but
opposite to the light-cone case we are able to keep Lorentz covariance ( {Jµν , Jαβ}
∗ =
{Jµν , Jαβ} ) loosing translation invariance and supersymmetry. Our results lead to the
conjecture that we have to choose between Lorentz and supersymmetry invariance for the
massless superparticle since we have not found any other self-consistent way to identify
the second class constraints.
At this point it is important to comment upon the deep changes in the canonical
structure of the phase space (see appendix) caused by the elimination of the constraints n/d
with nµ given in (3.1). Of particular interest is the non-commutative nature of the variables
xµ (see (A.1)). It is remarkable that even on the physical states (d = 0) the coordinates
xµ have nonvanishing brackets among themselves, which will lead, at the quantum level,
to noncommuting position operators. Such non-commutativity seems to be a consequence
(see remarks in [24]) of having only positive energy states (E > 0) in the theory, which
is certainly true, in our case, on the physical states where supersymmetry is unbroken.
It should be remarked that the results found here and in the light-cone gauge [6] are
in agreement♯3 with the non-existence of Lorentz covariantly defined commuting position
operators for positive energy particles with nonzero spin ( nonlocalization problem ) which
was stablished long ago [26,27,28].
4. - The superstring case and final remarks
Now we show how the ideas of the last sections can be generalized for the superstring
case.
The D=10 GS superstring contains also 16 fermionic constraints♯4
Dα = Πα + i (Π˜/σθ)α − i (6 p˜θ)α = 0 , (4.1)
♯3 Notice that although, our results are classical as opposed to the quantum nature of the nonlocalization
problem the fact that {xµ, xν}∗ 6= 0 will clearly survive the quantization.
♯4 The subscript σ represents a coordinate of a point of the string and is not to be confused with the
matrices σα
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where
Πµσ = ∂σx
µ + ∂σθσ˜
µθ ,
Πα =
∂lLGS
∂θα(τ, σ)
; pµ =
∂LGS
∂xµ(τ, σ)
(4.2)
with LGS standing for the Green-Schwarz superstring lagrangean (see [1]). The constraints
(4.1) have equal time Poisson brackets analogous to (2.9):
{Dα(σ), Dβ(σ˜)} = 2 i δ(σ − σ˜)(p/s)αβ . (4.3)
where pµs = −p
µ + 2Πµσ − ∂σx
µ .
As in the case of the superparticle, due to the fact that p2s ≈ 0 , the constraints
Dα split into 8 first class and 8 second class. Thus, once again we have a decomposition
like (2.13) where p/sD represent 8 first class constraints while n/D stand for the remaining
8 second class constraints with nµ a strongly light-like vector such that ps · n 6= 0 . Now
comes an important differemce to the superparticle’s case, i.e., we have for the superstring
other possibilities for building nµ than the Lorentz non-covariant light-cone directions
and the non-supersymmetric choice (3.1). Indeed, instead of (3.1) we can define for the
superstring, for instance, the light-like vectors
nµ± = Π
2
σ p
µ
s −
[
Πσ · ps ±
(
(Πσ · ps)
2 − p2sΠ
2
σ
)]
Πµσ . (4.4)
Due to the supersymmetric properties of Πµσ and ps ({Π
µ
σ, Qα} = 0 = {ps, Qα}), contrary
to (3.1) , the definition (4.4) leads to a supersymmetric constraints separation. This
and other possibilities are now being investigated. Actually, it is possible to show that
the separation based on (4.4) corresponds exactly to the proposal of [25], so we partially
unravel the quite misteryous suggestion of that reference.
Finally, it should be emphasized that the considerations made in this work are pure
classical and for the separations (3.1) and (4.4) the Dirac brackets are rather involved
(see appendix) which means that a correct treatment of the very likely normal ordering
problems will be of fundamental importance.
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Appendix
New brackets for the phase space variables :
{xµ, xν}∗ = −2
p · n
g
(θσ˜µn/σ˜νθ) +
x2
g
(dσ[µ6 p˜n/σ˜ν]θ)
+
x4
g
dσµ6 p˜σνd . (A.1)
{pµ, pν}∗ =
(x · p+ f
1
2 )2
g
(dσµ6 p˜σνd) . (A.2)
{xµ, pν}
∗ = δµν +
(x · p+ f
1
2 )
g
(
−i dσν 6 p˜n/σ˜
µθ + x2 dσµ6 p˜σνd
)
. (A.3)
{θα, θβ}∗ =
− 2n · p
g
(n/)αβ . (A.4)
{Πα,Πβ}
∗ =
2n · p
g
(6 p˜n/6 p˜)αβ . (A.5)
{θα,Πβ}
∗ = δαβ −
2 i (n · p)
g
(n/6 p˜)αβ . (A.6)
{θα, xµ}
∗ =
2 i (n · p)
g
(n/σ˜µθ)
α +
x2
g
(n/6 p˜σµd)
α . (A.7)
{θα, pµ}
∗ =
(x · p+ f
1
2 )
g
(n/6 p˜σµd)
α . (A.8)
{Πα, xµ}
∗ =
i x2
2
(6 p˜n/6 p˜σµd)α −
2n · p
g
(6 p˜n/σ˜µθ)α . (A.9)
{Πα, pµ}
∗ = i
(x · p+ f
1
2 )
g
(6 p˜n/6 p˜σµd)α . (A.10)
where f = (x · p)2 − x2p2 and g = 4i n · p (2n · p− Πθ) .
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